THE SPEED OF A BIASED WALK ON A GALTON- WATSON 
TREE WITHOUT LEAVES IS MONOTONIC WITH RESPECT 
TO PROGENY DISTRIBUTIONS FOR HIGH VALUES OF BIAS 
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Abstract. Consider biased random walks on two Galton- Watson trees with- 
out leaves having progeny distributions Pi and P2 (GW(Pi) and GW{P2)) 
where Pi and P2 are supported on positive integers and Pi dominates P2 
stochastically. We prove that the speed of the walk on GW(Pi) is bigger than 
the same on GW(P2) when the bias is larger than a threshold depending on 
Pi and P2. This partially answers a question raised in |Ben Arous, Fribergh] 
|and Sidoravicius] ( [2011| ). 



1. Introduction and Main Results 



1.1. Introduction. Consider a Galton- Watson tree, i.e. a random rooted tree, 
where the offspring size of all individuals are i.i.d. copies of an integer random 
variable Z, which satisfies P{Z = k) = pk, k = 0, 1, . . .. The tree has no leaf if 
Po = 0. We will use |a;| to denote the distance of a vertex x from the root. Moreover 
Xif will denote the ancestor of x for any vertex x different from the root and Xi will 
denote the ith child of x. Given a random tree T, we define /3-biased random walk 
{Xn)n>o on the tree as follows. Transitions to each of the children of the root are 
equally likely. If the vertex x has k children and x is not the root then the transition 
probabilities are given by 

P{Xn+l = X^.\Xn = a ' 



P{X„ 



\x„ 



x) 



l + f3k' 
/3 



1,2, 



,fc. 



l + /3fc' 

We start the walk from the root of the tree and denote by P'^ the law of (Xn )„>o 
on a tree ui. We define the averaged law as the semi-direct product P — P x 
w here P i s the Galton- Watson measure on the space of rooted trees. 

then the random walk is transient, i.e. 



Lyons ( 1990 ) proved that if /3 > 



E\Z] 



lim„_>oo \Xn\ = 00. 
the speed 

(1.1) 



Lyons et al. ( 1996 ) showed that conditional on non-extinction. 



v{f3, P) ■= lim 



exists almost surely and is a non-random constant. A lot of work has been done on 



the behavior of the speed as a function of p. Lyons et al. ( 1996 ) conjectured that 
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v{P, P) increases in /3 on ( j^pj, oo) when the tree has no leaves i.e. P{Q} — 0. The 
conjecture has been open for a long time until proved recently in |Ben Arous et al.| 
(2011 ) for large values of /3. 



Theorem (Ben Arous et al. (2011 )). The speed v{/3, P) of a P-hiased random walk 
on a Galton-Watson tree without leaves is increasing for (3 > for some /?c > 
very large when P{0} = 0. 

Very recently, Ai'dekon obtained an expression for the speed v. 

Theorem ( | Aidekon| ( [20TI] ) ) ■ 



(1.2) 



E 



viP.P) 



E 



{PZ-l)Yo 



(/3Z+l)Fo 



where Yi are i.i.d. copies distributed as Pxi^x, — oo), where Ty is the first time 
hitting y. 

Using his own formula, Aidekon (private communications) can prove the mono- 
tonicity for /? > 2 when P{0} = 0. However, the original conjecture is still open in 
the sense that it is not known if the monotonicity holds for every /3 > 1/E[Z]. 

In this paper we shall investigate how the speed changes when one changes the 
progeny distribution keeping the bias fixed. 

The paper is organized as the following. In Section |1.2[ we will introduce our 
main results. In Section [2j we will describe in details our coupling method. Finally, 
in Section [3j we will provide the proofs of all the results in |1.2[ 



1.2. Main Results. In Ben Arous et al. (2011), the authors raised the following 



interesting question, if Pi stochastically dominates P2, does it imply that v{/3, Pi) > 
w(/3,P2)? We show that this is indeed the case at least when the bias is large. 

Throughout this paper, when we say Pi stochastically dominates P2, we also 
mean that Pi ^ P2- We also recall that if Pi dominates P2 stochastically then 
there is a coupling of the random variables Zi and Z2 having distributions Pi and 
P2 respectively such that Z2 < Zi. 

We have the following result. 

Theorem 1. Assume that Pi and Pj are two probability measures on positive 
integers such that Pi stochastically dominates P2. Consider /3-biased random walks 
on GW{Pi) and GW{P2). Then for every S>0 there exists a fi^ := ;3o(Pi, P2, 5) > 
such that for any (3 > /3o, we have f(/3. Pi) > f(/3,P2). The constant /3o equals 
max{/3i, ^ + S} where 



(1.3) 



cs ■ mm ■ 
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\(^-^\ 


lZl<Z2 
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1 
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E 
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.^2 Z[ 





and Cs is a universal constant depending only on S. Here, Z\, Z2 are independent 
and are distributed according to Pi and P2 respectively, Z[ and Z'2 are jointly dis- 
tributed so that Z[ > Z2 almost surely and their marginal distributions are Pi and 
P2. 
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Remark 2. There is a universal cut-off Pi — /?i(M) which works for all P2 sup- 
ported on {1,2,..., A/} since we have 



E 



The other expression inside the parentheses in the definition of j3i in Theorem^ is 
more useful when "the distribution of Zi is much larger than that of Z2 we shall 
illustrate this in Corollary^ 

Remark 3. Suppose Pi dominates P2 and are both supported on positive integers. 
Then v{/3,Pi) > v{/3,P2) follows trivially in the following cases. 

(i) It is easy to see (via a coupling argument) that if the maximum of the support 
of P2 is not larger than the minimum of the support of Pi, then for any (3 > Q, we 
havev{P,Pi) >v{l3,P2). 

(ii) We have v{l,Pi) > v{l,P2) just by considering the expression 



1 



v{l,P) 



obtained by Lyons et al. 111995b ). 

(Hi) Note that v{l/ Ep^^lZ], P2) = 0, v{l/ Ep^lZ], Pi) > 0, andv{/3, Pj) is continuous 
in (3 for j = 1,2. Thus, for some small e > we have v{/3,Pi) > v{l3,P2) for 
0<l3<e + l/Ep^[Z]. 

Further (ii) and (Hi) hold even when the offspring distributions are supported 
on non-negative integers as long as we define the speed as in (J.jp conditional on 
non- extinction of the trees. 

We can improve the threshold f3o of Theorem[l]by making stronger assumptions. 



Theorem 4. Suppose Pi and P2 are two probability measures on positive inte 
gers such that for some £ > I, there exists a coupling of z[^\ z[^\ ■ ■ ■ 



Z. 



(1) 7(2) 



Zj^' for which mm{ZY' , Z 



(1) 7(2) 



. , zj^^ are i.i.d. 



} > max{Z2 



(1) 



, Z^''' and 

(2) 



distributed according to Pj for j = 1, 2. 



almost surely, where Zj^\ 
Then for any S > 0, we have v{/3, Pi) > v{(3, P2) for any j3 > max{if • /S^^, +S} 
where the constant K equals ^ • 3^^'^. 

Corollary 5. Assume that Pi and P2 are two probability measures on positive 
integers such that Pi stochastically dominates P2. Let nii :— Ep.[Z] and z|"^ be 
the number of children in the nth generation in GW{Pi), denote the law of Z^^^^ by 

f^"' for i ~ 1, 2. Assume that there exists some 6 > such that E[e^^'^ '] < 00. 
Let f be the generating function for Pi and a — log /'(O)/ log /'(I). Further 

°'° (if Pi{l} = 0, then a = 00 and this condition is 



assume that mi > 
automatically satisfied) 

Then, for any j3 > 23/4, there exists some k 



k{Pi,P2,l3) such that v{P,P^'''^) > 



v{l3,P2^^). (We emphasize that v{P,pI^^) is the speed of a /3-biased random walk 



on a Galton- Watson tree having P^^"^ as its offspring distribution.) 

The following corollary is the counterpart to Theorem 1.2 in |Ben Arous et al.| 
(|20TT|). 
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Corollary 6. Assume all the assumptions in Theorem^ and recall the definition 
of /3q from there. Moreover, assume that the minimum degrees of both Pi and P2 
are bigger than d, i.e. di := min{A: > l,Pi{Z = k) > 0} > d, for i G {1,2}. 

Then the result of Theorem^ is true for a smaller /3; that is v{P, Pi) > v{l3, P2) 
for any fi > /Sg/d. 



2. Constructing the Walks 

Let us describe precisely the coupling we use. Let Ui have uniform distribution 
on (l/(/3 + 1),1). Let {Ui)i>2 be i.i.d. uniformly distributed random variables on 
[0, 1] independent of Ui. Let {{Z[ j,, Z2 k)}k>i be i.i.d. random vectors such that for 
each fc, Z[ has the marginal distribution Pi and Z2 j. has the marginal distribution 
P2 and with probability 1, we have Z2 < Z'^ j,. Finally let {Zi^k}k>i be i.i.d. Pi 
for 1 = 1,2. The sequences {[/i}i>i, {^i,/c}fc>i, {Z2,k}k>i, {{Z[ f,, Z'2j^)}k>i are 
independent of each other. 

In our proof we shall work conditional on an event which ensures that the roots 
are only visited once, for this reason we only need one copy of Ui. Note that our 
definition of Ui is slightly different from the one in [Ben Arous et aL (2011). 

We construct two random walks Xn^ and Xn^ (on GW{Pi) and GW{P2)) and 
another walk on Z>o in the following way. Define Yq := and for n > 1, 

n 
i=l 

We start X^^l and X^^) at the roots and grow the trees GW{Pi) and GW{P2) 
dynamically. For simplicity we drop the time parameter n and denote the position 

oiXk"^ by x^'l 

Now, if at time n > 0, Xn^ and Xn^ are at two sites x'^^^ and x^^\ neither of 
them visited before by the corresponding walks, then we assign Z[ and Z2 „+i 
many children to a;'^^-' and a;^^^ respectively (recall that Z'l > „+i). 

If at time n, one of the walks, say X'^^ is at a site x'^^^ previously visited by the 
walk while the other walk X^"^") is at a new site x*^^^ then we assign ^2.^+1 many 
children to x^'^\ 

Let us now explain the rules for transition. Denote the number of offsprings of 
a;(*) by and let x^'^ be the fcth child of a;(*) (i = 1, 2). 
Define 

p f /3 \ f 1 1 \ ( 1 



''^ ■ (/3+l)Zi' \l3 + l)\Z2 ZiJ' '^'^ \I3 + 1 Z2fi + l) Z; 



Then whenever Zi> Z2, we move according to the rule explained below. 
When Un+i £ (l/(/3 + 1), 1) we have the following cases. 

(1) Consider the random walk X^^^ 

• If Un+i e + (« - l)»7i, ]3Ti + ^'^i]' then x'^^^li = x^z!+i-, ^r 

^ = l,2,...,Zi. 

(2) Consider the random walk X^^'. 
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If [/„+! ^ + 1)%, + im] , then we have X^}^ = x^ll^^_^, 
where i = 1, 2, . . . , Z2. 

If C/„+i e + Z2772 + (j - l)?7i, + ^2»72 + , then we have 

^nl\ = ^^zl+i-i^ where i = 1, 2, . . . , Z2. 



GW(P2) 
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Figure 1. The couphng for ij^ > 774. In the illustration, we use 
Zi;r]4 etc. to denote Zi many subintervals with each subinterval 
of length 774 etc. 



When Un+i G (0, !/(/? + 1)) we have to consider two cases. If 773 > 7/4, then we 
use the following coupling. Figure [l] gives an illustration. 

(1) Consider the random walk X^^^ 

• If Un+i e [0, Zip+i ] ' *hen we have X^l^ — xi^\ 

• If U„+i e + (i- 1)'74, ^J+T + *'?4] , then we have X^^^^ = 
Xz^+i-i, where i = 1, 2, . . . , Zi. 

(2) Consider the random walk X^^'. 

• If Un+i e [0, z.,p+i ] ' *hen we have X^^i = x^^^\ 

• If U„+i e + - l)^, ^J+T + ' then we have x';^l^ = 

(2) 

where i = 1, 2, . . . , Z2. 

• If Un+i e ( ^.J+i + 2'27;5 + (« - 1)??4, ^J^i + 2^2775+1774] , then we have 
Xnli = ^z^+i-i^ where i = 1, 2, . . . , Z2. 

If 7/3 < r;4, then we use the following coupling. Figure [2] is an illustration of the 
following coupling. 

(1) Consider the random walk X^^^ 

• If Un+i e [0, ZiP+i ] ' then we have X^^^^ — xi^\ 

• If U„+i e i z:^ + - 1)'74, + «^4] , then we have x';^l^ = 
x^zl+i-i^ where i = 1, 2, . . . , - Z2. 

• If ;7„+i G (;^^^ + (Zi-Z2)774 + (i-l)775, ^^^ + (^1-^2)774 + 1775], 
then X^^l^ = ^'^zl+l-^' where i = 1, 2, . . . , Z2. 
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Figure 2. The coupling for 774 > 773 



• If [/„+i e (zJ+T + (« - l)'73, ^J+T + im] , then we have x'^^l^ = 

x^zl+i-i^ where i = 1, 2, . . . , Z2. 
(2) Consider the random walk X^^^ 

• If Un+l e [0, Z2P+1 ] ' ^^''^-^ ^^^'^ ^n+l = ^*^''- 

• If Un+l e (zJ+T + - 1)'73, + ^'^s] , then we have x';:^l^ = 

(2) 

Xz^+i-i, where z = 1, 2, . . . , Z2. 
Finally if Zi < Z2 we move according to the following rule. 
(1) For i = 1, 2 

• If Un+l e [0, z,p+i ] ' then we have X^'ji = xi''\ 

• UUn+l e + = 

x^'-*, where j = 1,2,...,Z.,. 
It is routine to check that X^'^ is a /3-biased random walk on GW{Pi) for i — 1, 2. 



3. Proofs 



The main idea in our proof is to use a technique originally used in [Ben Arous| 



et al. (2011), to couple the walks on the Galton- Watson trees with a random walk 



on Z. We will use a super-regeneration time which is a regeneration time for all the 
three walks Y, GW{Pi) and GW{P2). Regeneration time is an often-used technique 
in the study of random walks in random media. (See for example Zeitouni ( 2004[ ).) 
Informally, a regeneration time is a maximum of a random walk which is also a 
minimum of the future of the random walk. A time r is a regeneration time for the 
/3-biased random walk {Yn)n>o on Z if we have 



Yt > maxy„ 

n<r 



and 



Yt- < miny„ 



Consider the regeneration time for walks on GW{Pi) and GW{P2) in the sense that 
is usually defined on trees (see Lyons et al. ( 1996 1), as in Ben Arous et al. ( 2011[ ) if 
r is a regeneration time for (F„)„>o, then it is also a regeneration time for GW{Pi) 
and GW{P2)- In this respect, r is called a super-regeneration time. 
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Let us consider the event that is a regeneration time for {Yn)n>o- FoUowing 
the notations in Ben Arous et al. (2011 1, we denote this event by {0 — SR}. Then, 
we have 

/3-1 



Poo := P(0 - SR) 
Let us define the probabihty measure P as 



f3 + l' 



P(-) ;= P{-\0-SR). 

Under P, is the first regeneration time and let be zth non-zero regeneration 
time. 

Then, (IATt-.^^ — X,-. |,Ti+i — Ti)i>i is a sequence of i.i.d. random vectors having 
the same distribution as (|A'T-j|,ri) under P and as in 
have, for any /3 > 1, 



Ben Arous et al. 



(2011), we 



z;(/3,Pi) = 



EWX. 



(i)i 



and v{p,P2) = 



EWX. 



(2), 



Hence, v{(i,Pi) > u(/3, P2) is equivalent to E[\X. 



(1)1 

Tl I 



> E\\X. 



(2)1 



FoUwing the notation in Ben Arous et al. (2011) let us denote by B the set of 
times before ti when the random walk on Z>o takes a step back, i.e. B — {j < 
Til f/, <l/(/3+l)}. ^ ' 

We quote the following lemma from Ben Arous "eFaLldMlj ). 

Lemma 7 (Lemma 4.1. |Ben Arous et al.| ( |2011[ )). If {\B\ = k}, then {n < 3fc + 2}. 

Proof of Theorem^ Consider \B\ = k, i.e. B — {ii < ■ ■ ■ < ik}, where k > 1 and 
Ti = n. Let us make two simple observations. 



(i) \xil^\- 

(ii) l^^'^l 
We have 



IX 



(2)1 
n I 
.(2) 



2 or when k — 1. 



X^rf] > -2(fc- 1) when fc > 2. 



E 



|XW|-|4^)| 



= E 



X(J)| - |X(f)|; \B\ = l\+Y.J [\^rl^\ - 

>E[\xW\-\Xif\;\B\ 
2(fc-l)p(|xW 



■,B ^ {ii < ■ ■■ < jfe},Ti = 



|X|2)| <0;S = {zi < ••• <Zfe},ri 



where stands for summation over all n > 2, fc > 2 and {ii, 
for which the walk does not come back to the origin. 
For the first term, we have 

3 



,ik} C {l,...,n} 



(3.1) 



E 



|XW|-|X(2)|;|6|=1 



> 2 



13 



/3 + 1 



E 



1 



Z2I3 + 1 ZiP + 1 



Note the small difference between (3.1 ) and Lemma 5.1. in Ben Arous et al. (2011 ), 
which is due to the difference in the definition of Ui as mentioned earlier. Let us 
explain the inequality in (lO. Let e, = 1{U^ > l/(/3 + 1)) - 1{U., < l/(^ + 1)). 



When \B\ = 1, \xfrl^\ - |A:}"^| = 2 or 0, hence we have 



E 



\Xil^\ - |4^)|; |6| = 1 = — P (|X(i)| - 142)1 = 2; \B\ = 1:0- Sr] 

Poo ^ ^ 
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and thus we get the lower bound in (3.1 1 by considcrmg the event 

A = {ei = e2 = 1, £3 = -1 and |xf ^1 - |xf )| = 2, £4 = £5 = 1,ti - 5}. 
For the second term, we have 

P - < 0;Z? = {zi < • • • < Zfc},Ti = n) 

< — P - < 0; S = {zi < • • • < Zfe}, n = n) . 

Poo ^ ' 

On {\X^l^ \ - I < 0}, let cr be the first time when the walk on GW{Pi) goes 
up but the walk on GW{P2) goes down, necessarily a £ B. We introduce some 
notation here, given a sequence 9 = {On}n>i where 6'„ = ±1 we denote by t{6) the 
first regeneration time for the walk Zn — ^-S- '''1 = ''"(^) where £ = {£„ ~ 

MUn > l/(/3 + 1)) - KUn < l/(/3 + l)}„>i. Define 

Tp') = t(£(^)) where e^^") = {£1, . . . , £j-i, -1, £,+1, • . .}. 

We can define 6'^^-' similarly. Also define 

"^Icj) ='^('^0")) where = {£1, . . . , £j_i, +1, £j+i, . . .}. 

Define in an analogous manner. Also note that if \X^l^\ - \X^f^\ < then the 
event 



is true. Let := lJ7=i'^i,ii where 



^1.. := U 



{Zi,r<z',^^}f]\u,, e 



+ 1 ' Zi,,/3 + 1 



and the other three events are defined similarly. 
P - I < 0;6 - {zi < • • • < Zfc},ri = n) 

k 

<^P {B = {ii < ■ ■ ■ < ik}, Ti^n,a ^ ii) 



£=1 

< = {zi < . . . < zfc},rf^) ^ n} 
£=1 ^ 

k 

< 4^'^ (^^'^^ = {h<---< Ik}, = n) £; 



where we used independence of e'^^'^ and f/^^. Then, by Lemma [jj 



lZi<Z2 
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P [\XW I _ I < 0; S - {*i < • • • < n = 
< 4(3fc + 2)2 ^ P U^^^ = {zi < . . . < z,}, r}^'' = n, < 



£=1 



1 



1 



= 4(/? + l)(3fc + 2)2£; 

< 8pk{3k + 2fE 

< 8k{3k + 2fE 



1 



+ 1 Z2/3 + 1 
1 



; izi<z2 



+1 Z2/3 + 1 

(Z2 - 



lZi<Z2 



^p(6 = {ii<---<ia,Ti 



(Zi^ + l)(Z2/3 + l) 
1 1 



Zi<Z2 



P{B^{ii<--- <ik},Ti =n) 



P {B = {ii < ■ ■ ■ <ik},Ti =n). 



Therefore, by using the simple upper bound P{\B\ — k) < c ( a(i+[3) ) (Len 
6.1. in Ben Arous et al. (2011)) for a universal constant c and the fact that Pa 
(/3-l)/(/3 + l), weget 

(3.2) 



E 
> 2 



3 

E 



1 



1 



Z2I3 + 1 Zi/3 + 1 



J2—Hk-l)iSk + 2fE 

k=2 



1 1 

Zi Z2 



1^1 <Z2 



P(|6|-fc) 



> 2 



/9 



+ 1 
c 



E 



{Z[ - Z'2)P 



-E 



Po 



iZ^I3+l)iZ[l3 + l) 
11 " 



Zi Z2 



Zi<Z2 



^16fc(fc- l)(3fc + 2)2 



fc=2 



27 

4(1 + /3) 



> 2 



/3 



> 2 



/3 + 1 
c(/3 + l) 

3 



E 



E 



/3 + 1 



iZ[ - Z'2)P 

1 1 

Zi Z2 

{Z[ z'2 



lZi<Z2 



^16fc(fc- l)(3/s + 2)2 



fe=2 

c-272 



27 



4(1 + /3) 



42(/3-l)(/3 + l) 

00 

•^16fc(/c-l)(3fc + 2) 



1 1 

^1 ^2 
27 



fc=2 



Zl<Z2 



fc-2 



4(1 + ,9) 



where we used the fact that Z[ > Z2 > 1 and /3 > 1. Hence we conclude that for 



any 5 > E 
(3.3) 



\X^r?\'\Xr, 

(3 > max < cs 



> if we have 



E 


\Zi Z2 ) 


1^1 <Z2 


23 
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for some universal constant cs > that only depends on S > 0. 

Now we derive the other lower bound in (1.3|. On — < 0}, let us 

define the events E and F as 

E := {For some ai < n, \x';^^+^ + |X^'Vi| and xf - xf for any j < ai} . 



F := |For some (72 < ti, xj^-* = xj^-* for any j < (72, 
and Xi\\, ^ 4^Vi> but = l^^'+J}. 



In other words, E is the event that the first time the walks on GW{Pi) and GW{P2) 
decouple, the walk on GW{P2) goes up and the walk on GW{Pi) goes down. Clearly 
this happens at time ai G B. F is the event that the first time the walks on GW{Pi) 
and GW{P2) decouple, they both go downwards but to different offsprings. This 
happens at time (72 which may or may not be in B. 
Next, 

(3.4) P(|X(J) I - \X^f I < 0; S = . . . , Ik}, ri = n) 
= P(|X«|-|X(2)| <0;6 = {zi,...,ife},ri 

+ P{\Xil^ I - \Xif I < 0; S - {zi, . . . , tk}, Ti = n; F). 



Let us get an upper bound for the second term in (3.4). 
(3.5) P(|X(i)|-|X(2)| <0;6 = {zi,...,*fe},Ti =n;F) 

n 

= J2 Pi\X^l'> I - 1^1'' I < 0; 6 = . . . , Ik}, Ti =n,a2^ t, F) 

n 

< ^ P(6 = {ii, . . . , zfc}, n = n, tT2 = ^; i^). 

e=i 

li £ ^ {ii, . . . , ik}, then we get 
(3.6) 

P{B = {ii, . . .,ik},Ti = rt,o-2 = £;F) 
< P lB = {ti,...,ik},n=n;Ui e U 



1 {^l,m ^ ^2,m)P 



= P B(i) = {h, . . .,ik},Ti(i) ^n,Uie IJ 



< n ^^ ^ — ^P I '^(f) = "i ^1 u K Tirn = n.Ue > 



/3 



{ii, . . . ,ife},Ti(^) = n, Ut 



/3 + 1, 





\ z'} 


).. 


I — ^ 







<2nP{B = {i^,...,ik},n=n)-E 
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If ^ e {ii, . . . , ik}, which happens only when 773 > 774, we define 



7' 



1 



1 



1 



1 



1 



Then, we get 

P{B = {h, . . . ,ik},Ti = n,<j2 ^ l;F) 

<p(^B^{ii,...,ik},Ti^n;Uee [j . . + G„ 

< P (fiW = {zi, . . . , Zfe}, ^^'^ = n) • n • E[G^] 

^{(3 + 1)P (^S(^) = {zi, . . . , ^k}, ^ - ri, [/, < 
= (/? + I)P (S = {zi, . . . , Ik}, Ti = n) • n • S[G,„]. 



+1 



For a coupled Z2), and after a little bit of computations, we have, 



1 



1 



(3 + 1 + 1 



Z'2 



1 



1 - 



{Z[-1)P + 1 



Z[I3 + 1 + 1 



1 - 



It is easy to check that 



and 



< 



{Z[ - l)/3 
Z[I3 + 1 

Hence E[G^] < ^ [(l - |j 

(3.7) 



1 - 



^5 



< 1 - 



and therefore 



(/3 + 1)P = {71, . . . , ifc}, Tl = ?l) • 71 • S[G, 
< (/3+l)P(6={n,...,ife},Tl =7i) 



1 - 



^1 



= nP{B = {zi, . . . ,7fc},Ti = 77)^; 



1 - 



Z[ 



So plugging (3.61 and (3.7 1 back into (3.5), we get 



(141) I - I < 0; 6 = {zi, . . . , zfe}, n = 77; f) 

z'- 



P 

<2n^P{B = {i^,...M.ri^n)E 



1 - 



< 2(3fc + 2)2p {B^{ii,..., ik), Ti^n)E 



zi 

Z 



1 J 
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This takes care of the second term in (3.4). Finally, let us give an upper bound for 
the first term in (3.4 1. We omit some of the steps since they are similar. In the 
following computations, remember that ai G B. 

P (l^i) I - 142) I < 0; S = . . . , z,}, n = n- E 

k 

< ^ P{B = {ii, . . . ,ife},Ti =n-ai = i,n\E) 



< knP {B = {h, tk}, Ti^n)-{P + l)-E 



1 



1 



< fc(3fc + 2)P(S = {^l,...,^fe},Tl =n) ■ + 1) ■ E 



+ 1 Z[I3+1 

m'l - z'2) 



< 2k{3k + 2)P (6 = {ii, . . . , ik}, Ti^n)- E 



1 1 

ZL Z\ 



Similar to our arguments in (3.2 1, we get 



(3.8) 



> 2 



/3 + 1 



E 



Z'^P + 1 Z[I3 + 1 
— ^2(3fc + 2)2p(|S| = k)E 



fc=2 



> 



/3 



1 

c 



E 



' k=2 
1 1 

Z'2 Z[ 



Z' 



1 °° 

— 2fc(3fc + 2)P{\B\ = k)-E 



1 1 

Z^ Z[ 



-E 



Po 



Z\ 



-E 



^2(3fc + 2) 

fc=2 

" 1 1 ~ 



Z'2 Z'^ 



27 



4(1 + 



fe=2 



27 



1(1 + 



As earlier, we conclude that for any (5 > there is a universal constant Ct such that 



E 



> 0, 



whenever 



/3 > max < 







')] 




J \_ 

Z'l Z\ 





23 



□ 



Proof of Corollary^ We shall write Zi for Z| , for i = 1, 2 and for Pi{j}- 
Let us first prove that E ra^jz'^^^ — > as fc — > 00. Pick up some raz satisfies 
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m2 < TO3 < mi. Then, we have 
1 



E - 



P(Z[''^ = n) 



n<mo 



4 E '-Piz[''' = 



'3 

.(fe) 



Therefore, it is sufficient to prove that m^P{Z[ ' < mf ) -> as fc — ?► 00. 

If Wi denotes the ahnost sure Umit of the martingale z[^^ /m!l, then under the 
assumption E[Zi\og^ Zi] < oo, Wi is a positive random variable for j = 1, 2 (see 
e.g. Kesten and Stigum ( 1966[ ) and Lyons et al. ( 1995a)). Several other properties of 
Wi have been well studied in the literature. Recall that / is the generating function 
of Zi, then < a = — log /'(O)/ log /'(I). Let us first consider the case pi > 0. 



Note that a < oo when pi > 0. ^From Bingham (1988) and the references therein, 



if pi > 0, then, there exists a positive constant D such that P{Wi < e) < De" as 
eiO. 



Moreover, Athreya ( 1994 1 proved that if there exists some ^ > such that 
E[e^^^] < oo and pj ^ 1 for any j > 1, then there exist some constants Ci, C2 such 
that 



P 



.(fe) 



Wi 



> e < Cie 



Now, splitting P{z['''' < mg) into two terms, we get 



< ml) 



= P 



3' 



(fe) 



Wi 



> e 



(fe) 



P 



Z['^ < ml 



.(fe) 



< P 



Let us choose e*^*^^ — 



.(fe) 



Wi 



> £ 



(fe) 



P{Wi<e 



(fe) 



Wi 



< e 



(fe) 



for some 6 > 0. 



Using the results stated before from Bingham ( 1988 1 



moP {Wi<e 



(fe) 



< Dm!^ 



= D 



.(fe) 



nfe 









( m^m'iX \ 









0, 



as fc — > cx) if we have mi > 7712 tis. Since it is valid for any m2 < m^ < rni, the 
i+i 

condition m, > is enough. 



Using the results stated before from Athreya ( 1994 ) 









( 






m\ 





^ 0, 
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—+2(5 — 

as fc — cx) if mi > TOj • Since we can pick up any (5 > 0, the condition mi > mj 
is enough. This proves that E m\lZ^^ — >■ as — ?> oo. 

If pi = 0, then K := niin{fc > : > 0} > 2 and from Bingham ( 1988 1, we have 
logP(Wi < e) < —Cf~^^l^^~^'^^ for some positive constant C and /3 := logre/logmi. 
In other words, Piy^\ < e) is exponentiahy smalL Since mi > m2, we can pick 

up some a' large enough such that mi > mj °' ' °' holds. Since P(M^i < e) 
is exponentially small, we can find a positive constant D' such that P(Wi < e) < 
D'e" . Repeat the arguments as in the case pi > replacing a by a' and D by 13'. 



This proves that E 



(k) 



as A; — )■ oo. 



Now, let us go back to the proof of the corollary. From ( 1.3 ), it suffices to show 
that 



(3.9) 



E 




) ^zi" 




E 


1 1 









0, as — 7> 



Since, i?exp(0Zi) < oo (in particular log^ Zi] < oo), we have limZ^ 
a.s. and hence 



'(fc) 



/mf > 



'(fe) 



'(fc) 



as k 



lim inf E 

fc— >-oo 



z. 

cx), which implies that 
. / 1 1 ^ 



^0, 



'(fc) 



'(fc) 



Finally, notice that 



.(fc) 



l^C") 



= lim inf E 

fc— >-oo 



/(fc)~ 



z. 



(fc) 



1 - 



z. 



'(fc) 



> 0. 



Z- 



(fc) 



1 



.(fe) 



<zi 



< E 



.(fc) 



Therefore, we proved (3.9). Given any /3 > 23/4 we can choose (5 > such that 

in 
□ 



23/4 + (5 < /? and then choose fc = fc(Pi, P2) large enough so that the maximum in 
<5. 



( pOI equals 23/4 

Finally, let us sketch a proof of Theorem |4] 

Proof of Theorem^ We begin with the independent sequences {Ui}i>i, {Zi,k}k>i, 
{■^2,fc}fc>i and {(Z'l fc, Z'2.fc)}fc>i where the first three have the same meaning as in 
Section[2|and {(Z^i,fc, Z^2,fc)}fc>i are i.i.d. copies of ((Z^, . . . , zf ^), (4'\ . . . , Z^^^)) , 



the latter having the same meaning as in the statement of Theorem |4j We shall 

write Z^,,fe = (Zf2, . . . , 4fe) for i = 1, 2. 

We start both walks at the roots and when X^*) visits the jth distinct site at 

(7) 

level fc for the first time, we assign Z^ j._|_i many children to that site for i = 1, 2 
and j < I- If one of the walks, say X^^^ is visiting the jth distinct site at level fc for 
the first time where j > £, then we assign Zi^i many children to that site for some 
i for which Zi ^ has not been used before. At time n, we make the transition using 

the two rules explained in Section according as the number of children of Xn"^ is 

— • (2) 

larger or smaller than the number of children of Xn . 
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If \B\ = k, we have 
(i) 0< 



\xif\ < 21 when k < i. 



(i)| 



Xri^l > -2{k~£) when k>£+l. 



(ii) |X 

This can be argued as fohows. Assume that B = {ii,. . . ,ik} where k > I. If 



1^: 
IX 



(1) 



< |xf^| for some j < ie, define min{i : \Xl"'\ < \Xl^'\}. Then 

Since — 1 < ii, none of the walks has visited any of the 



(2) 



.(1) 



^2 k} ^^'^ hence the number of offsprings of xj^^-^ is not smaller 
(2) n„f I ^ I v(2)*i 



levels more than i times up till time — 1. We also have minjZj j,, 

than the number of offsprings of X^'^'_i- But then |Xj^''| > iXj^""!, a contradiction. 

Hence Ixj^-*! > ixj^-*! whenever j < ii, this implies the claims in (i) and (ii) stated 
above. A similar argument can be given for the case \B\ < £. 

So if we carry out an analysis similar to the one given in the Proof of Theorem 
[T] then instead of (3.2), we shall get 



E 
> 2 



xW|-|x(f 



13 



E 



AZ'^Z[(i 



c ■ 2t+^e 

4^+i(/3-l)(/? + l) 



-,E 



k=e+i 



J2 16fc(fc-£)(3fc + 2)= 



1 



1 

Z2 



27 

4(1 + /3) 



Zi<Z2 



and (3.8) can be modified similarly. 



□ 



Proof of Corollay The proof is an extension and almost the same as the proof of 
Theorem [ij One needs to couple the two random walks on GW{Pi) and GW{P2), 
with a (i/3-random walk on Z>o. Formally we re-define the walk y„ as Yq and 
for n > 1, 



n 



n g N. 



The walk on GW{Pi) and GW{P2) should also be changed accordingly. Similar 
arguments, as in the proof of Theorem [l] give the counterparts to (3.2) and (3.8). 
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Let US only present the latter, which is 



> 



> 



d-l3 + l 
c 



-E 



Po 



1 



E 



d- (3 
d-13 + 1 

c ■ d 



-E 



Po 



1 



E 
c ■ d 

Poo 
3 

E 

zi 



1 



1 



^2{3fc + 2) 

k=2 

1 1 



27 

4(l + d-/3) 



Z'2 



^2fc(3/c + 2) 



k=2 



27 



4(1 + 



1 



c • d 



E 



'2 ^1 

oo 

^2(3A: + 2 

k=2 

' 1 1 

^'Z[ 



27 



4(l + rf-/3) 

OO 

^2fc(3/c + 2 

k=2 



27 



4(1 + 



Now, note that this gives the same constant as in eq. |3.8| Therefore, as long as 



d ■ (3 > f3o we have E 



IX 



IX 



(2), 



> which completes the proof. 



□ 



Acknowledgements 

The three authors wish to thank Prof Ben Arous for suggesting this problem and 
the useful discussions that they had with him. The authors also wish to thank Prof 
Sidoravicius for helpful discussions. Finally, the authors thank Alexander Fribergh 
for reading the first draft of the paper and Elie Aidekon for private communications. 
The three authors are all supported by MacCracken Fellowship at New York Uni- 
versity. In addition, Lingjiong Zhu is also supported by NSF grant DMS-0904701 
and DARPA grant. 



References 

Aidekon, E., 2011. Speed of the biased random walk on a Gallon- Watson tree. 
arXiv:1111.4313 . 

Athreya, K.B., 1994. Large deviation rates for branching processes-L Single type 

case. Ann. Appl. Probab. 4, 779-790. 
Ben Arous, G., Fribergh, A., Sidoravicius, V., 2011. A proof of the Lyons-Pemantle- 

Peres monotonicity conjecture for high biases. arXiv: 111 1.5865 . 
Bingham, N.H., 1988. On the limit of a supercritical branching process. J. Appl. 

Probab. 25, 215-228. 
Kesten, H., Stigum, B.P., 1966. A limit theorem for multidimensional Galton- 

Watson processes. Ann. Math. Statist. 37, 1211-1223. 
Lyons, R., 1990. Random walks and percolation on trees. Ann. Probab. 18, 931-958. 
Lyons, R., Pemantle, R., Peres, Y., 1995a. Conceptual proofs of LLogL criteria for 

mean behavior of branching processes. Ann. Probab. 23, 1125-1138. 



SPEED OF BIASED WALK ON A GALTON- WATSON TREE WITHOUT LEAVES 17 



Lyons, R., Pcmantle, R., Peres, Y., 1995b. Ergodic theory on Galton- Watson trees: 
Speed of random walk and dimension of harmonic measure. Erg. Theory Dynam. 
Syst. 15, 593-619. 

Lyons, R., Pemantle, R., Peres, Y., 1996. Biased random walks on Galton- Watson 

trees. Probab. Theory Related Fields 106, 254-268. 
Zeitouni, O., 2004. Random walks in random environment, in: Lecture Notes in 

Math.. Springer, Berlin, volume 1837, pp. 193-312. 

CouRANT Institute of Mathematical Sciences 
New York University 
251 Mercer Street 
New York, NY-10012 
United States of America 

E-mail address: mehrdad8cims.nyu.edu, senScims.nyu.edu, lingScims.nyu.edu 



